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Abstract 

Let ^ hea set of relational trees and let Forbh(^) be the class of all structures that admit 
no homomorphism from any tree in all this happens over a fixed finite relational signa- 
ture a. There is a natural way to expand Forbh(^) by unary relations to an amalgamation 
class. This expanded class, enhanced with a linear ordering, has the Ramsey property. Both 
forbidden trees and Ramsey properties have previously been linked to the complexity of 
constraint satisfaction problems. 
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1 Introduction 

Ramsey's Theorem |22l states the following: 

Given any r, n, and we can find an mo such that, ifm> mo and the r -element 
subsets of any m-element set T are divided in any manner into ^ mutually exclusive 
classesCi (i = l,2,...,;uj, thenT must contain an n -element subset /S. such that all the 
r -element subsets of A belong to the same Ci . 

In this paper we study generalizations of Ramsey's Theorem in the context of the so-called 
structural Ramsey theory. 
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Relational structures. A signature cr is a set of relation symbols; each of the symbols has an 
associated arity; the arity of R is ar(_R). A a -structure A is a set of elements, called the domain 
of A, together with a relation R"^ on the domain of arity ar(^) for every relation symbol Re a. 
An ordered a-structure is a (c u {<}) -structure A such that is a linear ordering. A cr-struc- 
ture A is a substructure of a cr-structure B if domA Q domB and for each fc-ary Re a we have 
R^ = R^ r\ [domA]'^. We write AQBifAisa substructure of B. 

An embedding of A into B is a one-to-one mapping / : domA domB such that for any 
Rea and any tuple x we have xe R^ iff f{x) e R^, where / is applied on x component-wise. If 
a c T, the a-reduct of a r-structure A is the cr-structure A* obtained from A by leaving out all 
the relations R^ for RerXa. (In some literature a reduct is called a shadow.) 

Ramsey classes. For any structures A, B, let [^J denote the set of all embeddings of A into B. 
The partition arrow C — {B)f means that whenever [^) = u ^2 u ■ ■ ■ u S,- (a colouring with r 
colours), then there exists g e [^) and j < r such that (^|^') E In this case we call g [ov g[B]) 
a monochromatic copy of B in C. 

Let 'rg' be a class of finite structures and let Ae'i^. The class S^* has the A-Ramsey property if 
for any B e"^ and any natural number r there exists C e'^ such that C ^ {B)f. The class is 
called a Ramsey class if it has the A-Ramsey property for aWAe'^. 

The most notable result about Ramsey classes is most likely the following: 

Theorem 1.1 (Nesetfil-Rodl fTSI). Leto be a finite relational signature. Then the class of all finite 
ordered a -structures is a Ramsey class. 

The presence of orderings is indeed essential; cf. the discussion in US . 

Classes with forbidden homomorphic images. Let A, B be cr-structures. A homomorphism 
of A to B is a mapping / : domA domB such that for any Rea and any x e R^ we have 
fmeR'^. 

The interest of this paper lies in classes of finite ex-structures that can be defined by forbidding 
the existence of a homomorphism from a given set of structures. More explicitly, for a set ^ of 
CT-structures let Forbh(^) be the class of all finite cr-structures A such that whenever F e ^, 
there exists no homomorphism of F to A. We also say that A is ^ -fi'ee. 

In general, such classes are not Ramsey classes. A Ramsey class of structures always has 
the amalgamation property (see [121) but these classes will usually not possess it. Following 
Hubicka-Nesetfil 1 10 1 , however, there is a canonical way to add new relations to the signature a 
in order to obtain the amalgamation property. Thus it is natural to ask whether this expanded 
class, enhanced with a linear ordering, is a Ramsey class. 

Main result. It has recently been announced by Nesetfil (14| that the ordered expanded class 
is a Ramsey class if =^ is a finite set of finite connected cj- structures. Here a similar result (Theo- 
rem l4.1l l is shown for infinite but under the assumption that all elements of ^ are (relational) 
trees. See next section for the definition of a relational tree. 
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Complexity of constraint satisfaction. Constraint satisfaction problems are an important con- 
cept in many areas of computer science. Their complexity has been subject to extensive re- 
search in the past few years, see (5l[6]. Important tractable cases arise in situations where the 
class of satisfying instances can be expressed as Forbh(^) for a "simple" class 3^ . Perhaps the 
best-known among them is the case where all structures in !3 are trees, see 1 9 , 8 1 . Then we speak 
about templates with tree duality. Interestingly, a Ramsey property (which is in fact a special 
case of the results of this paper) has recently been used to provide a new answer to the classifi- 
cation problem of templates with tree duality, see iT| . Another link between Ramsey theory and 
CSPs with infinite templateshas been provided in |2|. 

Proof method. We use the partite method of Nesetf il and Rodl [T6l[l71[19l . To prove the partite 
lemma, which is often proved by an application of the Hales-Jewett theorem (as in fT8lfT9ll20l ). 
we apply induction. Our proof is inspired by one of Promel and Voigt |21J . 

Conventions. 1. A tuple has a bar, so x-{xi,X2,..., x^) for some k. If M is the domain of some 
function / and x e M^, then/(jc) = (/(xi),/(x2),...,/(Xfc)). 

2. Instead of "substructure of X generated by M" I write "substructure of X induced by M" 
with the intended connotation that the domain of such a substructure is actually M. 

3. For a (cr u t) -structure A, A* almost always denotes the cr-reduct of A. 

4. Usually Reg and Set, but sometimes Reo\jt. 

2 Amalgamation and other constructions 

Amalgamation. A class of finite structures has the joint-embedding property if for any struc- 
tures Ai,A2 e there exists B e such that both Ai and A2 admit an embedding into B. 
A class of finite structures has the amalgamation property if for any A,Bi,B2 and any 
embeddings /i : A — ' Bi and /2 : A — £2 there exists C e'^ and embeddings gi : Bi — C and 
g2'-B2^C such that gi/i = gifi- The amalgamation is freeii domC = gi[dom5i] ug2[domB2] 
and i?^ = gi u g2 [R^'^] for all 7? e cr. If the latter is true only for Ret <^a, the amalgamation 
is said to be free with respect to t. 

Let ^hea possibly infinite set of finite connected (j-structures. The class Forbh(^) is hered- 
itary and closed under taking disjoint unions, hence it has the joint embedding property. We 
turn it into an amalgamation class by adding new relations. 

Sum. For two a-structures A, B, their sum A + B is defined by 
domiA + B] = ({A} xdomA)u({5} xdom5), 
= [{A} R^] u ({5} <8> R^), 

where 

{X} ^R^ = {[{X, xi), (X, X2), . . . , iX, Xfc)) : (xi, X2, . . . , Xfc) e R^}. 
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The definition can be extended to arbitrary finite sums in the obvious way. We may also write 
li{Ai, A2, Ak) for Ai+ A2 + •••+ Ajc. If aH elements of ^ are connected, as we assume through- 
out this paper, then both Forbh(^) and the expanded class are closed under taking sums. 

Factor structure. If A is a cr-structure and ~ is an equivalence relation on dom A, let the factor 
structure A/ ~ be defined on domA/~ = (domA)/~ (the set of all equivalence classes of ~) by 

letting (Xi,X2 X^) e R^'~ if and only if there exist JCi e Xi, X2 e X2, £ such that 

(Xi,X2,...,XA;) ei?^. 

Join. Let A,B be cr-structures, let ai,a2,...,ak e domA and hi,b2,...,bk £ domB. The join 
(A, (ai, fl2. • • • > «jfc)) ® (5. (.bi,b2, fofc)) is the factor structure [A + where ~ is the minimal 
equivalence relation such that (A, ~ {B,bi) for each i = l,2,...,k. In other words, it is ob- 
tained from the disjoint union of A and B by identifying every pair a,, fo/. In the obvious way, 
this definition can be extended to joins of more than two structures, too. 

Incidence graph. The incidence graph Inc(X) of a (7-structure X is the bipartite undirected 
multigraph whose vertex set is domX u Ul^"^ x {7?} : i? e a], and which contains for every Re a, 
every x g R^, and every i, an edge joining [x, R) and Xj. 

A cr-structure X is connected if Inc^X) is connected; X is a tree (or a a -tree) if Inc(X) is a tree. 
(Thus in particular X is not a tree if some tuple of some relation of X contains the same element 
two or more times.) 

Pieces. Without loss of generality let us assume that the domain of each F e ^ is the set 
{1,2,..., |F|}. A cut of some F e ^ is a set C c domF such that Inc(F) \ C has at least two dis- 
tinct connected components that contain vertices from domF; a minimal cut is a cut which is 
inclusion-minimal. 

Let C be any minimal cut of F and let D be the vertex set of some connected component of 
Inc(F) \ C that contains a vertex from domF. A piece of F is (M, (mi, . . . , m^)), where M is the 
substructure of F induced by C u (D n domF) and {mi, . . . , m^} = C so that mi < m2 < • • • < m^. 
Remarks. 1. C is a (minimal) cut of a structure if and only if it is a (minimal) vertex cut of its 
Gaifman graph. 

2. {mi, . . . , mj;} = C is the set of all elements of M appearing in some tuple of F that is not a 
tuple of M. 

3. A piece of F is a nonempty connected substructure of F, M 7^ F, and C ^ domM. 

4. For any given minimal cut, the corresponding pieces cover domF. 

Expansion. Suppose A is a a-structure and {a\,a2,..., fljfc} ^ dom A. Define 

9Jl(A,(ai,a2,...,ajfc)) = {(M,(mi,m2,...,mfc)) : 

(M, (mi, m2, . . . , mfc)) is a piece of some F £ ^ and 

(A, (ai, a2,..., fljfc)) © (M, (mi, m2, . . . , m^)) £ 
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Let S^iS^) be the set of all nonempty 5!Jt( A, {a\,a2, a^)) for all cj-structures A, all > 1, and all 
{a\, a2, . . . , a]^ e (domA)*^. 

Let T contain a relation symbol Sgjj for each e Let sl' be the class of finite (cj u t)- 

structures such that A belongs to if and only if the cj-reduct A* of A is in Forbh(^) and for 
any lUt e S^iS^') and any fc-tuple x e (dom A)^ we have 

xeS^ ^ 3(M,(mi,...,mfc)) eim, 3/:M^ A* with/(m,) = x,- forall f. (2.1) 

Let be the class of all substructures of the structures in . The class is called the expanded 
class for Forbh(=^). The structures in sl" are called canonical. We can also say that A is ^ -free 
if A* e Forbh(=^); so being ^-free is a necessary but not sufficient condition for membership 
in<^. 

Theorem 2.1. Leta be a finite relational signature, let^ be a set of finite connected a -structures 
andlef^ be the expanded class for Forhh(_^). Then 

(1) the class of all a -reducts of the structures in ^ isForbh(^); 

(2) 'io is closed under isomorphism; 

(3) is closed under taking substructures; 

(4) has the amalgamation property (free with respect to a). 

A similar theorem was proved by Hubicka and Nesetfil (Tol for finite J^. Here claims (1), 
(2) and (3) are obvious from the definition of S^. Claim (4) can be proved analogously to the 
finite case. If all structures in ^ are trees, then (4) can be proved by taking the factor structure 
[Bi +B2)/~, where ~ is the minimal equivalence relation such that (5i,/i(fl)) ~ (_B2,f2ia)) for all 
a e domA, with the obvious embeddings gi, g2- 

Remarks. 1. If all structures in ^ are irreducible, that is, any two elements lie in a common 
tuple, then there are no pieces because there are no cuts. Hence the theorem implies that the 
class Forbh(^) has the amalgamation property (without any new relations). 

2. If all structures in ^ are trees, then every minimal cut has size one. Thus all the relations 
in T are unary. Every piece of a tree is a tree. Moreover, {x} is a minimal cut of F if and only if x is 
an element of F that belongs to more than one tuple of the relations of F. 

3. Let all elements of ^ be trees. By the results of |7|, there exists a finite fj-structure H such 
that Forbh(^) = {X : X ^ H} if and only if d^[^) is finite. This corresponds to constraint satis- 
faction problems with finite templates. In this case, also t is finite and the expanded class has 
finite signature o" u t. 

4. If all relations in t are unary, then has free amalgamation. 

5. Every structure in satisfies the right-to-left implication in ETJ. 

6. If 9Jt = (M, (mi, . . . , mjc)) is a piece such that there is a homomorphism to M from some 
F' e , them = for any A e 

Canonizing. Suppose ^ isa set of trees, and let be the expanded class for Forbh(^). Given 
a ((7 u t) -structure A, we want to find a superstructure A of A that satisfies the left-to-right im- 
plication of 1 12.11 . This is possible assuming that 

every one-element substructure of A is in (2.2) 
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For every x e dom A, let be the substructure of A induced by {x}. By assumption, for every x 
we have Ax^'^;so there exists Ax^"^ containing Ax- Let 

a' = A + \[{Ax : X e dom A} 

and let ~ be the smallest equivalence relation on domA' such that (A, x) ~ {Ax,x) for all x e 
domA. Let A- A/~. 

By convention, we will still use x to denote the element [(A, x)] ^ of A. 

Whenever x e S^, then there exist (M, (m)) e 9Jt and / : M — >• A^ such that /(m) = x, because 
Ax G 'ti'. Hence A satisfies the left-to-right implication of I l2.lt . Moreover, every one-element 
substructure of A is isomorphic to a substructure of some Ax, and so in S^. 

Proving membership in S^. For the following two lemmas, suppose that ^ is a set of finite 
cr-trees and let be the expanded class for Forbh(^). 

Lemma2.2. Let E = E(_F,m) be the a -structure obtained from some F e with a cut m e domF 
so that 

dom£ = {1}; 

for each unary Re a, le iffmeR^; 

all the non-unary a -relations ofE are empty; 

for each S<m e t, leS^iffTl contains a piece (M, (m)) ofF. 

IfX is a{aUT) -structure such that there exists a homomorphism E ^ X, then Xt'^ ■ 

Proof. Let F e ^ ,\ei me domF be a cut of F, and consider E = E[F, m). Let the corresponding 
pieces ofFbe (Mi,{m)), (M2,(m)), (Mfc, (m)). 

Let X be a (c7 u t) -structure. For the sake of contradiction, suppose that there is a homomor- 
phism f -.E ^ X but Xe'^ . Then there is a canonical superstructure Xe'% ofX. 

Now we recursively construct trees Fq , Fi , . . . , Fj; e ^ in the following way. Let 

Fo = (Ml, (m)) ® ■ ■ • ® (Mfc, (m)) = F 

For / > 1, we will have 

Fi = (A^i, (Hi)) ® {N2, (n2)) e • • • ® {Ni, {ni)) ® (M,-+i, (m)) © • • • ® (M^, (m)) 

where {Ni,{ni))e Tl[Mi, m), with 

M; ^ (ATi, (ni)) ® • • • ® (ATi-i, e (M,-+i, (m)) ® • • • © (M^, (m)), 

is selected so that there exists a homomorphism gi : Ni — ' X, giini) - /(I). We will always find 
such a piece because (M,, (m)) e 9Jt(M;, m), thus /(I) e S^^^^ and X satisfies 1 12.11 . 

Now we are in trouble: F^ e 3^ , but the homomorphisms gi, . . . , gfc induce a homomorphism 
g : Ffc ^ X. Therefore X is not .^-free, a contradiction. □ 
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A tuple trace of some ixi,X2,...,X]c) e is the structure T with domT = {1,2,..., A;}; = 
{(1,2,..., fc)}; R^ = {j: xj e R^} for all unary ^ e a; R'^ = for any other R' ea\{R}; = {j : 
Xj e S^} for Sea. 

Lemma2.3. Let X be a {a ur) -structure. ThenXe'^ if and only if each one-element substructure 
ofX belongs to , and for any Re a and any x e R^, the tuple trace ofx belongs to . 

Proof. If X e"^, then each substructure of X is in as well. Let Xq X e"^. Consider any Rea 
and Jc = [xi,..., x^) e R^ Q R^. Let T be the tuple trace of x e R^. Let T' be the sum of T and 
k copies of X; let ~ be the smallest equivalence relation that identifies j e dom T with xj in the 
jth copy of X. Let f = T' I ~. There is a an obvious "projection" homomorphism p:f ^ X; the 
image under p of T is the substructure of X induced by x. 

\iF e ^ and f : F ^ t, then pf : F ^ X, a contradiction. Thus t is ,^-free. To show that 
f satisfies lED, first let (M, (m)) eTle S^{^) and let g : M ^ f . Since X satisfies (2Jj and pg : 
M ^ X is a homomorphism, we have pgim) e S^. Hence, by the definition of f, we have g(m) e 

S^. Conversely, if x e dom f satisfies x e for some Tl e &>i^), then pix] e S^, thus there 
exist (M, (m)) e Tl and a homomorphism h : M ^ X such that h{m) = pix). Mapping every 
element a of M to the element corresponding to h[a) in the copy of X within f that contains x 
provides a homomorphism from M to f that takes m to x. Therefore not only f is .^-free but 
it satisfies (ZTJ as well, so f e C. The tuple trace T, which is a substructure of f, then belongs 
to'^. 

The converse implication: Suppose that X satisfies t2.2l l and its tuple traces belong to 
Apply the canonizing procedure on X to get X. We have observed that X satisfies the left-to- 
right implication of I l2.lt . Now we shall show that it also satisfies the right-to-left implication. 

Let X* be the tr-reduct of X, let Tl e &>{3^) and let (M, (m)) e lOT be a piece of some F e =^ 
and consider any homomorphism f : M ^ X* such that /(m) e domX. We want to show that 
f[m) e S^. For the sake of contradiction, assume that fim] t and that M is a minimal such 
piece, that is, we assume that whenever N (^M and [N, [n)) is a piece of F, [N, [n)) e e S^i^], 
then fin) e for any homomorphism f':N^X*. 

If the piece M consists of a unique tuple x e R^, then the tuple trace of /(x) e R^ is not in S^, 
a contradiction. Hence M has more than one tuple. Because {m} is a cut of the tree F, m belongs 
to a unique tuple x of M, x e R^ for some Re a; m = xf, fix) e R^. As M has more than one 
tuple, X contains at least one element n^ m such that {n} is a minimal cut of F. Let (A^i, (ni)), 
(^21 («2)). ■■ ■> {n£)) be all the pieces of F corresponding to all minimal cuts {n^} such that 
nic = Xi for some i 7^ j, and m € domiV^. Notice that each Nj^ c M; thus by minimality of the 
counterexample, for each k = !,...,£ and any e such that n^e^we have fin^) e S^. 

But then the tuple trace of fix) e R^ is not in 'i^', a contradiction. 

Next we show that X is ,^-free. Suppose there is some F e^ and a homomorphism f : F ^ 
X*. Then the image of / contains elements of X. If F has only one element, then the one- 
element substructure flF] of X is not in Sg". If F has more than one element but it is irreducible 
(that is, if it contains exactly one tuple of a relation of arity more than one), then the tuple trace 
of flF] is not in "io, a contradiction. Hence there is a cut {m} of F such that fim) e domX. Also, 
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for any piece {N, (m)) e of F the restriction g = / |" AT is a fiomomorpiiism N ^ X* sucii that 
g(m) = fim). Thus /(m) e for any such piece (A^, (m)) and any ^ 3 [N, (m)). Let E = E{F, m) 
be obtained from F with the cut {m} as in Lemma |Z21 Then the 1-element substructure of X 
induced by {/(m)} admits a homomorphism from E, so by Lemma IZ2] it is not in S^, again a 
contradiction. We conclude that X* e Forbh(^). 
Therefore 1 G and so Xe'^. □ 

Note that the "tuple trace" is a necessary complication due to the general context of relational 
structures. If a were the signature of digraphs (one binary relation), we could simply test all one- 
and two-element substructures of X. 



3 Partite lemma 

Orderings. An ordered v -structure is a (u u {<}) -structure A such that the relation is a linear 
ordering. 

Definition 3.1. Let a be a finite relational signature and let be a set of finite connected o- 
structures. The ordered expanded class for Forbh(^) is the class of ordered {a u T)-structures 
such that A e ^ if and only if is a linear ordering and the {f7UT)-reduct of A is in the expanded 
class for Forbh(.^). 

Rectified structures. Let A e'^ . An A-rectified structure is a pair {X,ix) such that X e 
ix : domX — >• dom A, x x' implies that ixix) ixix'), and for any ^ e cr u t and any x e 
(domX)'^'^'^' we have 

xeR^ tx is injective on X and e (3.1) 

Observe that X is uniquely determined by A, domX and ix via 1 13. It . 

A mapping e : domX dom Y is an embedding of A-rectified structure {X,lx) into (F,ty) if 
e : X ^ F is an embedding of (o" u t u {<}) -structures and lx = ly^- 

Note. (A, idyl) is always A-rectified; and for any A-rectified {X,lx), any mapping e : dom A 
domX such that ixe = id^ is an embedding of A into X, as well as an embedding of (A,idA) into 

iX,Lx). 

Lemma 3.2. Let ^ be a set of finite connected a -structures and let be the ordered expanded 
class for Forbh(^); let Ae'^. Let [B, ib) be A-rectified, r > 1. Then there exists A-rectified [E, ie) 
such that[E,iE) — ' (-BitB)!-"^'"^"'- 

Proof. By induction on |A|. If |A| = 1, take E to be the sum (disjoint union) of r • {\B\ - 1) + 1 
copies of A with an arbitrary linear ordering ie is constant. 

If I A| > 2, assume that dom A = {0, 1, ... , n}. Let A' be the substructure of A induced by the 
subset {1,. .. , n}; let B' be the substructure of B induced by L~j^^l{l,..., n}], and Lg' = ib \ dom5'. 
Then {B' ,ib') is A'-rectified. Apply induction to get A'-rectified {E' ,ie') such that [E',ie') 
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(5', JB')|.f where k = r -[iL'^iO]]-!] + 1. Assuming that domE' n {1,2,... , fc} = let domE ^ 
domE' u {1,2,..., fc} and define ieM = if x e {1,2, ... , A;} and lEix) = lE'ix) otherwise. Let all 
{a u t) -relations of E be defined by I l3.lt : let <^ be an extension of <^ that is preserved by Le- 
Thus is the substructure of {E,le) on i^^ l{l,...,n}]. 

Next, to prove that (Eje) {_B,iB)\^'^'^'^\ consider any r-colouring x of Define x' '■ 

^ > by x'ie') = {c^ x{e' u (0 c))), that is, the vector of colours of all exten- 

sions of e' e to some e e J^i))- By the definition of {£', ie<), there is a monochromatic 

g' e /')^'))- Hence for any fixed c e (0), the mapping (pc : h' ^ zCCg''^') u (0 c)) is constant 
on [(^ jjf '))- Define : i^^(O) — ► {l,...,r} by setting i//(c) to be the constant value of (pc- Since 
li^HO)! = fc > r (|ig^{0)| - 1), there exists a subset M Q I'^iO) with |M| ^ k^Ho)| such that is 
constant on M. Define g e ([g |^]) to be an extension of g' by the ^-preserving bijection of (0) 
and M. Then g is monochromatic. 

Finally, to show that {E,Le) is ^-rectified we need only to check that E First, the o- 

reduct E* of E is .^-free, for if there were a homomorphism f : F ^ E* of some F e then 
f^/would be a homomorphism F A* - but A is ^-free. Moreover, because A e S^, A is a sub- 
structure of a canonical A. Let domf = domE u (dom A \ dom A) (assuming domf and dom A 
are disjoint) and let the relations of fbe defined by iS.lh with ig = lE'^^'^domEXdomE- Clearly £ is 
canonical and i? is a substructure of E. □ 

4 Main result 

Recall Definition l3.1l of the ordered expanded class for Forbh(^). 

Theorem 4.1. Let a be a finite relational signature and let 3^ he a set of finite a -trees. Then the 
ordered expanded class for Forbh(^) has the Ramsey property. 

The remainder of this section is devoted to the proof of this theorem. 

Partite structures. Let P be an ordered (j-structure and let ^ be the ordered expanded class 
for Forbh(^). A P -partite'^ -structure is a pair {A,ia) where Ae'^ and ia ■ dom A — >• domP is 
a homomorphism of the {a u {<})-reduct A* of A to P that is injective on any tuple of the rela- 
tion i?"* for any Re a, and such that the restriction of to any one-element substructure of A* 
is an embedding of this one-element (a u {<})-structure into P. A P-partite '5^-structure {A,ia) 
is transversal if la is an embedding of A* to P. 

A mapping e : dom A domB is an embedding of a P-partite S^-structure (A,t^) into (.B,lb) 
if e : A ^ B is an embedding of (cr u t u {<})-structures and ia = ib^- 

Lemma 4.2 ("rectification") . Let be the ordered expanded class for Forbh (.^) , where ^ is a set 
of finite a -trees. Let{C,ic) be a P-partite "^-structure for some a -structure P. If[D,iE)) is defined 
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by setting 

domD = domC, 

= S^ forSer, 

D c (4.1) 
< = < , 

for Re a, xe id is injective on x, and 

3yeR'^ : iciy) - loix) andyi,\/SeT : x,- e o e S"^, 

then [D, i^) is a P -partite'^ -structure. 

Proof. It is straightforward that Ld is a homomorphism of the reduct D* to P because ic is a 
homomorphism of C* to P. By definition, ld is injective on any tuple of any cr-relation of D, 
and every one-element substructure of D is isomorphic to the corresponding one-element sub- 
structure of C. 

To show that D C^, first apply the "only if" direction of Lemma [231 to prove that the tuple 
trace of any y e R^ is in 'i^. Then observe that the tuple trace of any y e R^ is equal to the 
tuple trace of some x e R'^. Also, any one- element substructure of D is isomorphic to some 
one-element substructure of C. Finally apply the "if" direction of Lemma l231 □ 

Observe that the P-partite S^-structure (D,i£)) from Lemma is rectified in the following 
sense: 

For any Rea and any y e R^, if x is a tuple such that ld{x) = loiy), 

Id is injective on x, and y, e o x/ e for any / and any S e t, then x e R^. (4.2) 

Note that if (C,ic) satisfies <4.2l l and {D,ij:,) is defined by <4.1l l, then {D,i£)) = {C,ic)- An impor- 
tant special case: if (C,ic) is transversal. 

Lemma 4.3. Let {D, i£,) be a P-partite -structure satisfying i4.2\ , and let {A, iX) be a transversal 
P -partite -structure. Suppose there is an embedding of {A, i a) into {D,i£i). Define 

domB = {x e domD: loix) e i^[domyl] and for any Se t : xe o iJ^UdM) e S"^} (4.3) 

and let B be the substructure of D induced by domB. Set lb = i~^^{ld tdom5). Then {B,lb) is 
A-rectified. 

Proof. First, B £^ because it is a substructure . Since (D, lu) is P-partite, lo is injective 

on any tuple of any relation of B, and so is ib- Because there exists an embedding of {A,ia) 
into {D,id), it follows from <4.2l l that a mapping e : domA — domD such that ia = IdS is an 
embedding of {A, ia) into (D, i^) if and only if for any a e domA and any S e t we have a£ S"^ o 
e{a) e S^. Therefore {B,lb) satisfies <3.1t . □ 
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Proof of Theorem 14. li Let ^ he a set of finite a-trees and let "io be the expanded class and 
the ordered expanded class for Forbh(^). Consider A,B e"^ and a positive integer r. We 

construct C e such that C^{B)^. 

Let A*, B* be the (cj u{<})-reducts of A, B, respectively. By Theorert il . 1 I there exists an ordered 

a-structureP such that iB*]f. Define (Co,iCo) by 

domCo = [g,] X domB, 
for any fc-ary ReaUT: 

R^" = {((/, xi), (/, X2), . . . , (/, Xfc)) : / £ (J.) and (xi, xg, . . . , x^) £ i?^} , 
'■ domCo domP is defined by '■ if, x) ^ fix), 
is any linear ordering that is preserved by tco • 

Thus Co is isomorphic to a sum of structures, and each of the summands is isomorphic to B. 
See Figure[T] Observe that (Co, icg) is a P-partite S^- structure. 




Figure 1: Co. 

If (Do, iDo) is obtained from (Co, tco) by <4.1K then each of the basic embeddings x ■-^ (/, x) of B 
to Co is also an embedding of B to Dq. 

Fix some numbering of (J.) - {ei,...,ew}. We will inductively construct P-partite 'i^-struc- 
tures (Ci,tci), (Civ,tcN)- 

Let k £ {l,...,N} and suppose iCic-\,iCt-i) has been constructed. If there is no P-partite em- 
bedding of iA,eic) into (Cfc_i,iCi,_i), let (Cfc,ifc) = (Cfc_i,ic^_j). Otherwise let be de- 
fined from iCk-i,iCk-i^ by I I4.H . Let iBicJBk) be obtained from (-Dfc_i,i£)^ J as in Lemma 1431 
using iA, gfc) in place of iA, ia) ■ Then iB]^, ibi) is A-rectified and we can apply the Partite Lemma, 
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Lemma [3T2l in order to get A-rectified {EjcLe,,) such that {E]^,ie^) — ' {BjcLb,, 



(w.r.t. embed- 



dings of ^-rectified structures). Therefore efct^j.) (B/t.efcfBt)!-'^''^*' (w.r.t. embeddings of 
P-partite structures). Set 



domCfc = domfi. u ['f''""*^!] x (domDfc_i \ domBi.) 

^( rii..l D. )-' 



Define At : ([J;|^^J) x domDfc_i - domQ by 



\ g[x) ifxedomBfc, 



[g, x) otherwise. 
For any ^-ary i? e (7 u t, let 

R""' = { (Afc(g, xi), . . . , Afc(g, Xf)] : g e (JJ;;^*^}), (xi, . . . , x^) e i?^*-' }. 
Furthermore define : domCfc ^ domP by 

LCt-y^ekLE,iy) ifyedomEfc, 
iCt '■ (g. ^) ix) otherwise. 

Finally, let <'-''' be a linear ordering such that y y' if y y', Afc(g, x) <^'' Ayt(g, x') if x 
x', and z z' if icjz) <^ tcjz'). See Figurell 





Figure 2: Q. 
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Note that for a fixed g, the mapping Aj^ig,-] : x ^ A]^{g,x) is an embedding of {Djc-i,idi,_i) 
to (Cfc.tCi-). By definition of Dfc_i, Afc(g,-) is an injective homomorphism of iC]c-i,iCk-J to 
(Cfc, (q)- The inclusion mapping is an embedding of E]^ to Q because (ffc, leJ is A-rectified. 

Now we claim that {Cfc,tQ) is a P-partite S^-structure. First, for ReaUT,ifxe i?*^*^, then 
X = Afc(g, y) for some (g, y). Since i^j^ j is injective on y and preserves it if i? e a, is injective 
on X and preserves it if 7? e a. Next, is preserved by by definition. The tuple trace of any 
tuple of any relation of is the tuple trace of some tuple of the corresponding relation of Dj;_i, 
hence in S^. By Lemma lz!3l Ck^"^- 

Let C = Cjv- We show that C — ' iB)f. Consider any colouring x '■ ['^ ^ i^,- - ■ , r}. By downward 
induction we exhibit injective homomorphisms hi : (Q_i, tc, — ^ (Q, tc,) for i = N,N-l,...,l 
that have certain monochromatic properties. 

Suppose hi is known for i = N,...,k + I (possibly for no i yet). If (Cfc,tct) = (Cfc_i,iCi._i), let 
/zfc be the identity mapping. Otherwise define the colouring Xk '■ I j(j V ~^ {!> •••>''} by setting 
Xki^l) = l(^jv^iv-i • • • h]c+iq). (Observe that the composed mapping is indeed an embedding.) 
Since {EjcLe,^) (5fc,tB(.)r^'''^'*', there exists a j^-monochromatic embedding g^ : {Bjc,iBk) ~^ 
{Ek,iEt). Let h]c = Mgk<-)- 

Let h = hj^hjq-i ■■■hi : (Co,tCo) ~^ iCN,Lcj^). Consider any ej e (J.). Any embedding d of A 
to Co such that icod = ej is also a P-partite embedding of iA,ej) to (Co,iCo)- Moreover, hd is 
a P-partite embedding of [A, ej) to (C]v,iCjv)- By definition of hj, all such embeddings take the 
same colour under Thus we define jo : (X*) ^ (l.---. ^YXoisj) = xUD) if there exists d e \^°) 
such that iQod = ej, and arbitrarily otherwise. By definition of P there exists jo -monochromatic 
/ G [^,]. Let c : B ^ Co be the embedding given by c : x (/, x). 

Conclude the proof by observing that he is a ;t;-monochromatic embedding of B to C: It is 
an embedding because ^ is a composition of embeddings of (Dfc_i,i£)^. j) to {D]^,ldi.) and the 
copy of B given by h]^h]c-i---hic{B] remains intact during the "rectification" - application of 
Lemma|421 □ 

5 Comments 

Universal structures. If =^ is a set of finite connected (j-structures, then the expanded class for 
Forbh(^) has a Fraisse limit U. The a-reduct U* of f/ is a universal structure for Forbh(^). For 
finite 3^ this universal structure is categorical; the existence of such a universal to-categorical 
structure (and much more) was proved by Cherlin, Shelah and Shi [4) . If is infinite, U* is no 
longer necessarily categorical; however, it is model- complete. (Or is it???) 

Extreme amenability. By a theorem of Kechris, Pestov and Todorcevic fTTl , the automorphism 
group of a Ramsey structure is extremely amenable. Thus Theorem 14 . 1 1 provides a continuum 
of examples of structures with an extremely amenable automorphism group: take J^' to be an 
infinite antichain of a-trees; then the Fraisse limit of the expanded class for Forbh(=^) provides 
such an example for any subset ^ of ^' . (Are their topological automorphism groups all es- 
sentially different???) 
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Problem. It would be interesting to classify all sets 3^ of a-structures for which the corre- 
sponding ordered expanded class for Forbh(.^) is a Ramsey class. In particular, is it the case 
for any set !^ of connected finite c7-structures? 

Constraint satisfaction problems. The problem above is particularly interesting if Forbh(^) 
defines a CSP(/f) with a finite template H, and 3^ is some well-behaved complete set of ob- 
structions (e.g., the tree- width of the structures in ^ is bounded by a constant). Some possible 
applications of such new results are hinted at in (T] . 

Limits of the partite method. Nesetfil \\M asked whether one can prove all Ramsey classes by 
a variant of the partite (amalgamation) construction. This is certainly a question worth consid- 
ering. It is not very satisfactory that the definition of a partite structure is rather different each 
time: compare [3] [HI HB [IZl [HI [El [20 1 . Also, the partite lemma is sometimes proved by in- 
duction (such as here and in (31 [21]), sometimes by an application of the Hales-Jewett theorem 
(suchasin(l8l[Il[20l). 
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